
Math 564: Real analysis and measure theory
Lecture 15

Pet
.

Let IX
,
B
, u) be a measure space , where

B : = Measu ,
i. e

. M is complete.
A u-measurable function is said to be -integrable if /Ifdm .

In this case
,

JFdM := (F + de-St - de. (Note What If = f+ + f- .

Note
.

If = + + f - 10 (Ide = (fede + /Ende . In particular
, 1JFdM/S HdM.

Remark
.

IfI is a complex-valued function
,
Ken Sidn= /Refde + iSEmfdM.

We denote the
space ofpeintegrable remeasurable functions by L(X

,M) : = LIX, B, M).
Commonly (IX

, M) denotes the quotient of the set of all integrable functions by the

equivalence relation F = gae .

We will typically use LIX
,M1 as literally the space of

all printegrable functions
,
with the understanding that we could have used the quotient.

Define a (pseudomorm on L'IX
,M) by Ille := JHM .

Call this the L-norm.

Observation
.

LIX
, M) equipped with Kille is a sprende worked rector space, i.e . for all

f
, g

+ (lX
,M) , we have :

(i) Ilflle = 0 and Ifll, = 0 <=> f = 0 a . e.

(ii) IIdF1 = 1/1IfI) , for all &ER
.

(iii) Triangle inequality : /Iftgll , Ellell , + 11gll ..
now of integ. plinearity

Proof
.

For (ii)
,

mode 11Atyll= (If + gldm * (Hydm = (1fde + Sigldn = Ilfll , + 191l,

As always , a Ipsendo wormed rector space is also apsendal metric space by
dalf

, g) : = 11f-gll 1.



Thus
,

we say that a sequence (ful = L'IX
,M) converges in

-norm to feLX
,Mb if it converges

in the Ipseudol metric d.
,
i
. e
. fu-yf if diff

,
ful := Ilf-fulle-> 0 as- &.

Observation
.
Foty f implies (in particulat Stude-ide.

Proof
. Iffam-(fudpl =1)(-fuldple(I-fulde = Ilf-fully -> 0 .

Notation
.

When M is the counting measure on X
,
then 1 * (X) := 2'IX

, counting measure).

Examples· (a) I'/IN) : = absolutely summable sequences . Indeed
,
for fel'(IN) and M

counting measure on IN,

Jim= f(u) (HW)

co Iflizfa
(6) let de IN

,
so d = 20 ,

1
, ..., d-1) · What is I'ld) ? It's just IRA with te Anorm:

IIfII: il

The unit ball is

-I

Pointwise v
. s

. L'convergence.

Examples of disagreement. All examples belowmne in LCIR
,
X).

(a) let En : = 1 In
, neil

and FO
.

fo f2 - ...

fu-O pointwise but Study = 1 for all ne while JfdM = 0 . Also Iltarfull , =
for him .



f
3

(6)
-2

let fu : = 4 . 110 , z] for nENt . Then In-O pointwise but Stude = An

I I
Fi
Here In t 0 .

p I

(3) Here is a example of futp0 but not at any point.

↓
·iiiun ze

& 2
3

Ilfn-Oll
,
= JindX = I if to belongs ho be

group ,
so fe+y0 .

But (fr(x)
diverges for each x = 10

,
1 because /faix) has o many O and

1

-

We will discuss example () and its fix later
,
after introducing convergence in measure

,

but

we can fix examples (a)-1b) now .
Note that in ()-1)

,
Kee is no integrable g :. 0

dominating all of the Iful
.

Indeed inIs such a y has to be #0
,8)

and in 16)
, =maxhful ~*

Dominated Convergence Theore (OCT) . It fo
,
t be Momenziable functions with fact face.

If there is dominating ge (IX,M) , i. e . g>0 and Falzg for all neIN
,
then

in
,
fel'(X,) and

Stude- (fdl as ne d. (d)
In fact

,
fa->ef as ned .

Propf
.

The condition Ifuldy impliesIfeg m .

e
.

hence to
,
fel.

Faton applied toIful gives SHIdh Linint/Ifuld. Other non-negative sequences are

g
+ fu and g-fu ,

and Faton applied "he each gives :



+ Sam = SgfcM limiufflgeflde = J + limint)fodm

(a-(fam = )g-FdM-linint)4-fudl = Jade + liminf)Fudddu-limspStudte.
So limp (fedl - Sides limin Fade , 10 himFull = /Edm
To get the l'convergence , apply ( to If-ful

.

Indeed
,
If-fuld /fl + /fuld 2g

Hence by (1),
Ilf-full

,
= )It-fuld - Shult-ful du = Jod =O , so to ef.

L as a Ipseadol metric space.

We analyze dense families in has well as whether the L metric is complete.

Prop . Simple functions are clease inIin the metric.

Proof . If to ((X,M) then 7 sequence (su) of simple functions sof pointwine and

IsuldIf)
,
here by dCT , su-if as n + 8.

Def . A measure space
IX
,
B
, M) is said to be countably generated if Measu is separable

as a psendometric space wot dr(A , B) : = M(AAB) , i. e . there exists a ctbl@ : Measu
such that for each Me Measu and 370 - AcG with duIM, Al < E.

Prop . For a 5-finite measure space (X
,
B
, M) , if B is atbly generated as a talgebra the

(X
,
B
, m) is countably generated.

Proof
.
Follows from the uniquenen part of Garetheodory's theorem

.

Details done on the midterm.

Caution
.
The converse of the last proposition isn't true : there are othly generated IX

,
B
,M) s i t.

B isn't atbly generated as a r-algebra.


